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Abstract In this work we investigate the structure of
white dwarfs using the Tolman-Oppenheimer-Volkoff
equations and compare our results with those obtained
from Newtonian equations of gravitation in order to
put in evidence the importance of General Relativity
(GR) for the structure of such stars. We consider in
this work for the matter inside white dwarfs two equa-
tions of state, frequently found in the literature, namely,
the Chandrasekhar and Salpeter equations of state. We
find that using Newtonian equilibrium equations, the
radii of massive white dwarfs (M > 1.3M) are overes-
timated in comparison with GR outcomes. For a mass
of 1.415M the white dwarf radius predicted by GR
is about 33% smaller than the Newtonian one. Hence,
in this case, for the surface gravity the difference be-
tween the general relativistic and Newtonian outcomes
is about 65%. We depict the general relativistic mass-
radius diagrams as M/M = R/(a+ bR+ cR2 + dR3 +
kR4), where a, b, c and d are parameters obtained
from a fitting procedure of the numerical results and
k = (2.08×10−6R)−1, being R the radius of the Sun
in km. Lastly, we point out that GR plays an important
role to determine any physical quantity that depends,
simultaneously, on the mass and radius of massive white
dwarfs.
Keywords First keyword · Second keyword · More
1 Introduction
Massive white dwarfs (WD) were documented in [1,2,3,
4] reaching for the first time values nearby to the Chan-
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drasekhar mass limit of 1.44M [5], with M being the
mass of the Sun. Particularly, in the Extreme Ultravio-
let Explorer all-sky survey (EUVE) one can find several
data of massive WD. The most massive WD presented
in the EUVE observations have a mass of 1.41M [4].
Also in Refs. [2]-[3] a considerable amount of WD with
masses between 1.32− 1.37M can be found.
Moreover, recent observations reveals the existence
of some super-luminous type Ia supernovae, e.g, SN200-
6gz, SN2007if, SN2009dc [6,7,8,9] (for a review about
this kind of astrophysical event we quote [10]). Some
authors suggest that possible explanations for these ob-
jects are super-Chandrasekhar WD [11,8,12]. To achieve
super-Chandrasekhar WD authors of Refs. [13,14,15,
16,17] consider the WD in a presence of very strong
magnetic fields. However, those putative WD with strong
magnetic fields were showed to be unstable in [18]. Also
some attention has been driven to the description of
some anomalous X-ray pulsars (AXP) and soft gamma-
ray repeaters (SGR) as highly magnetized very massive
rotation powered white dwarf pulsars [19,20,21,22,23,
24]. In view of these new discoveries it is worth to bet-
ter identify how General Relativity (GR) can affect the
structure of very massive WD.
Indeed, since the discovery of WD, the discussion
about the importance of GR for these objects was es-
tablished. The general relativistic effects on the struc-
ture of WD was first qualitatively discussed by Kaplan
[25]. Fifteen years later Chandrasekhar derived the in-
stability criteria in a general relativistic framework [26].
Kaplan concluded that when the WD radius becomes
smaller than 1.1× 103 km, GR would probably induces
a dynamical instability in the star. Furthermore, Chan-
drasekhar [26] concluded that general relativistic effects
leads to a smaller critical central density and, conse-
quently, it limits the value of the radius. In addition, J.
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Cohen et al [27] studied the oscillation period of WD
taking GR effects into account and they argue that gen-
eral relativistic WD unlike Newtonian ones have a min-
imum fundamental period for a given composition.
In more recent works [28,29,30] calculations were
made for general relativistic uniformly-rotating WD.
Summarizing those results: they showed that the rota-
tion can have astrophysical implications to Soft-Gamma
Repeaters and Anomalous X-Ray Pulsars, rotation can
also uplift slightly the maximum stable mass configu-
ration and they also showed that the spin-up and spin-
down eras are different for sub and super-Chandrasekhar
WD. In addition, in [31] the authors compare the re-
sults of general relativistic uniformly-rotating WD with
uniformly-rotating Newtonian WD. In light of uniformly-
rotating case the minimum rotation period is about the
same in both cases (general relativistic and Newtonian)
and the general relativistic maximum mass is slightly
below the Newtonian maximum mass. However, they
also showed by the turning point method that gen-
eral relativistic WD can be axis-symmetrically unstable
while Newtonian WD are stable.
Turning to the static case, our main aim in the
present work is to show that general relativistic ef-
fects are relevant for the determination of the radius
of massive WD. In fact, there are some works where
general relativistic calculations of the mass-radius rela-
tion were made for a static model of WD [32,33,34,35,
36]. In those works authors find that general relativis-
tic hydrostatic equilibrium yields to a maximum mass
slightly below the Chandrasekhar limiting mass. Nev-
ertheless, the role of GR for the radius of very massive
WD (M > 1.3M) was not stressed. Thus, in the next
sections of this paper we address, minutely, the general
relativistic effects on the mass-radius relation of mas-
sive WD, showing that GR is quite important to deter-
mine the radii of those massive WD. Moreover, consid-
ering the observational data obtained for very massive
WD, GR turns out to be very relevant to estimate, pre-
cisely, the WD radius and others WD properties, such
as surface gravity.
2 Equation of state
The result of Chandrasekhar mass limit is one of the
most established astrophysical constraints since there
is no confirmed observational data of WD with masses
above 1.44M, until now. Therefore, in the present
work we use the Chandrasekhar equation of state, i.e.,
the equation of state that describes a fully degenerate
relativistic electron gas. In such a model the pressure
and total energy density of the fluid are given, respec-
tively, by [37,38]
p(kF ) =
1
3pi2h¯3
∫ kF
0
k4c2√
k2c2 +m2ec
4
dk, (1)
(kF ) = ρc
2 + e (2)
=
mNµek
3
F
3pi2h¯3
c2 +
1
pi2h¯3
∫ kF
0
√
k2c2 +m2ec
4k2dk,
where c is the speed of light, me is the electron mass,
mN the nucleon mass, h¯ the reduced Planck constant,
µe is the ratio between the nucleon number A and
atomic number Z for ions and kF is the Fermi momen-
tum of the electron. Eq. (1) is the isotropic electron
degeneracy pressure. The first and second terms in Eq.
(2) are, respectively, the energy density related to the
rest mass of the ions and the electron energy density.
Eqs. (1) and (2) can be put in a simpler form in order
to favor future numerical calculations
p(x) = 0f(x), (3a)
(x) = 0g(x), (3b)
where 0 = mec
2/pi2λ3e, with λe being the electron
Compton wavelength, x = kF /mec the dimensionless
Fermi momentum and the functions f(x) and g(x) us-
ing µe =
A
Z = 2 are
f(x) =
1
24
[
(2x3 − 3x)
√
x2 + 1 + 3asinhx
]
, (4)
g(x) = 1215.26x3 +
1
8
[
(2x3 + x)
√
x2 + 1− asinhx
]
.
(5)
In terms of the dimensionless Fermi momentum x the
mass density becomes
ρ = 9.738× 105µex3 g/cm3. (6)
Salpeter in a seminal paper [39] have improved the
above EoS by considering several corrections, such as:
electrostatic corrections due to Coulomb interaction,
deviations of the electron charge distribution from uni-
formity, inverse beta-decay process, inclusion of corre-
lation and exchange energies. Hamada & Salpeter [40]
have showed, a posteriori, that the mass-radius relation
of WD are modified in a nontrivial way depending on
the interior composition due to those corrections ap-
plied by Salpeter.
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3 Hydrostatic equilibrium equations
3.1 Newtonian case
We assume in our calculations that the mass configu-
ration of the star is static and spherically symmetric.
In this case the pressure and the density of the fluid
are functions of the radial coordinate r only. Hence, for
the structure of a Newtonian star we have the following
equilibrium equations [37]
dp
dr
= −Gmρ
r2
, (7a)
dm
dr
= 4pir2ρ, (7b)
where p denotes pressure, G is the gravitational con-
stant, ρ is the mass density, and m represents the en-
closed mass inside a sphere of radius r.
3.2 Special relativistic case
In addition to Newtonian case one may consider special
relativistic improvements. For such, the mass density is
replaced by the total energy density of the system (see
Eq. (2)), consequently, the relativistic kinetic energy of
the electrons are taken into account, such that Eqs. (7a)
and (7b) becomes
dp
dr
= −Gm(ρc
2 + ee)
r2c2
= −Gm
r2c2
, (8a)
dm
dr
=
4pir2(ρc2 + ee)
c2
=
4pir2
c2
. (8b)
Along the present paper we will refer to this case as
special relativistic (SR) case.
3.3 General relativistic case
To derive the hydrostatic equilibrium equations in a
general relativistic framework it is used the interior
Schwarzschild solution and the energy-momentum ten-
sor of a perfect fluid [41]. For a detailed derivation of
the general relativistic hydrostatic equilibrium equation
see [42,43,44]. The Eqs. (7a) and (7b) now reads
dp
dr
= −(+ p)dφ
dr
= −Gm
c2r2
[
1 +
p

] [
1 +
4pir3p
mc2
] [
1− 2Gm
c2r
]−1
,
(9a)
dm
dr
=
4pir2
c2
, (9b)
being e2φ the temporal metric coefficient g00. In the
weak field limit g00 = 1 + 2Φ/c
2 + O2, where Φ cor-
responds to the Newtonian gravitational potential. So,
the formal definition of the gravitational field of a static
and spherically symmetric object in GR corresponds to
gGR = −dφ/dr, where φ represents the general rela-
tivistic gravitational potential.
After integrating the above equations the interior
Schwarzschild solution is matched smoothly with the
vacuum exterior Schwarzschild line element.
The new three terms in square brackets of the equi-
librium equation (9a) are general relativistic corrections
terms. From Eq. (9a) is reliable that the general rela-
tivistic effects become relevant when the star is suf-
ficiently compact, i.e., when the factor 2Gm/c2r ap-
proaches unity and when the pressure is high enough to
become comparable to the energy density of the fluid,
i.e., when p/ and 4pir3p/mc2 are comparable with the
unity.
4 Initial and boundary conditions
In this paper we use the equation of state (3) to solve
the equilibrium equations through a forth-order Runge-
Kutta method. The initial conditions are
p(r = 0) = pc, ρ(r = 0) = ρc and m(r = 0) = 0.
(10)
The star’s surface is reached when the pressure van-
ishes, consequently the energy density (or mass density)
also goes to zero at the surface. Therefore the boundary
conditions reads
p(r = R) = 0, ρ(r = R) = 0 and m(r = R) = M,
(11)
where R and M mean the total radius and total mass of
the star, respectively. Since one may use several values
for the central pressure pc a family of solutions can be
found for the star mass and radius.
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5 Comparison between Newtonian and general
relativistic cases
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Fig. 1 a) Mass-radius relation and b) mass-central mass den-
sity relation for general relativistic and Newtonian cases. In
both plots the solid black line represents the outcomes for
general relativistic WD, the dashed-dotted magenta line rep-
resents Newtonian results with special relativistic corrections
and the dashed gray line represents the Newtonian results. It
is also displayed in a) the non-relativistic mass-radius relation
(dotted orange line), in which M ∝ 1/R3.
Using several values of central pressure pc we con-
struct the mass-radius and mass-central density rela-
tions for the three cases previously explained. From
Fig.(1) it can be seen that the purely Newtonian case
(Sect. (3.1)) does not have the secular instability ∂M/∂R >
0 (more details, see [26,45,46,47]), while SR case presents
instability when the electrons are highly relativistic.
This aspect is easier to see in Fig.(2), where we highlight
the region of massive WD for the mass-radius relation.
We also display in Fig.(2) the observational data of the
most massive white dwarf (M = 1.41M ± 0.04) found
in literature [4].
From Fig.(2) it is worth to note that GR does not
affect greatly the maximum mass, rather it diminishes
the maximum stable mass a few percents ∼ 3% (see
also Tab.(1)). However, it is worthwhile to cite that
the minimum radii, i.e., the radii corresponding to the
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Fig. 2 Mass-radius relation of massive WD. The curves fol-
low the same representation as in Fig.(1). The full blue cir-
cles mark the maximum masses. The dotted red line repre-
sents the measured mass of the most massive white dwarf
(M = 1.41M ± 0.04) found in literature [4] and the shaded
orange region corresponds to its estimated error.
predicted maximum masses, are very different. For in-
stance, the minimum radius predicted by general rel-
ativistic calculations is about three times larger than
Newtonian ones (see Tab.(1)). Similar results can be
found in [48,49].
5.1 Fixed total star mass
From Fig.(2) it can also be seen that for a fixed total
star mass between 1.3 − 1.415M the values of radii
are very sensitive depending on the case. Tab.(2) shows
the calculated radii for several values of total mass
from Newtonian and general relativistic cases. Tab.(3)
presents the values of central mass density for some val-
ues of fixed total mass for several cases. In Fig.(3) we
show, for a fixed total mass of M = 1.415M, the pro-
files of mass, gradient of pressure and energy density for
the three cases. We remark from Fig.(3), that in order
to obtain the same total mass in all cases the structure
of the stars are very distinct. From Fig.(3) we can note
that in general relativistic case the energy density in the
central region of the star is larger than in Newtonian
cases. This effect at same time makes the WD’s mass
more concentrated at the star center and the pressure
gradient to decay more sharply for the general rela-
tivistic calculations. One can calculate the Newtonian
gravitational field as
gNewton = −Gm
r2
, (12)
and the general relativistic gravitational field from (9a)
becomes
gGR = −Gm
r2
[
1 +
4pir3p
mc2
] [
1− 2Gm
c2r
]−1
. (13)
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Table 1 Maximum mass and minimum radius for the static models of WD stars.
Model Mass/M Radius(km)
Newtonian P = P (ρ) 1.4546 329
Special Relativity (SR) P = P () 1.4358 739
General Relativity (GR) P = P () 1.4154 1021
Non-relativistic Newtonian P = Kρ5/3 1.4564 7833
Table 2 Corresponding radii to fixed total star masses in Newtonian and general relativistic cases. RNewton means the radius
predicted by Newtonian case (see Sect.(3.1)), RSR is the radius given by Sect.(3.2), RGR is the radius in general relativistic
case given in Sect.(3.3) and the RNR is the radius supplied by non-relativistic approximation, where the mass follows the
relation M/M ∝ 1/R3.
Mass/M RNewton(km) RSR(km) RGR(km) RNR(km)
1.300 3241 3222 3185 8140
1.312 3107 3081 3030 8114
1.325 2969 2937 2878 8087
1.338 2823 2788 2724 8062
1.351 2671 2633 2562 8036
1.364 2509 2467 2384 8011
1.376 2336 2286 2179 7986
1.389 2148 2085 1942 7961
1.402 1942 1859 1656 7937
1.415 1708 1595 1145 7913
Table 3 Corresponding central mass densities to fixed total masses in Newtonian and general relativistic cases. ρNewtonC means
the central density achieved in Newtonian case (Sect. (3.1)), ρSRC is the central density given by SR case Sect.(3.2), ρ
GR
C is the
central density found for the general relativistic case Sect.(3.3).
Mass/M ρNewtonC (g/cm
3) ρSRC (g/cm
3) ρGRC (g/cm
3)
1.376 3.76× 108 9.85× 108 1.91× 109
1.389 2× 109 2.05× 109 2.28× 109
1.402 2.28× 109 2.82× 109 4.51× 109
1.415 4.08× 109 5.05× 109 1.61× 1010
Fig.(4) displays the gravitational fields of the stars
with total mass 1.415M as a function of radial coor-
dinate, we can note that the gravitational fields are ini-
tially very different, however, outside the star the fields
match each other, thus implying that the gravitational
field outside the star can be regarded as Newtonian. In
addition, inside the star, where the gravitational fields
are very different, it can be observed that there is a
deviation of about ∼ 200% between the correspondent
highest values of the gravitational field (the minima
of the curves in Fig.(4)), this is due to the very dif-
ferent central densities of the three cases (see Tab.(3)
and Fig.(3b)). In particular, the central density ρGRC
is about 4 times larger than ρNewtonC , for the fixed total
mass of 1.415M. We also display in Fig.(5) the gravita-
tional potentials of WD with total mass M = 1.415M,
from we can note a fairly difference between them.
In Fig.(6) we show for the same mass of 1.415M
the general relativistic gravitational field, calculated in
three different ways: with all corrections terms, with no
curvature term and without any correction term. A pri-
ori, from the Fig.(6) the correction terms seems to be
not relevant as well, however, they yields to the impor-
tant effect observed in the case of fixed total masses,
thus allowing larger densities near to the center of the
star r < 300km (see Fig.(3b)).
5.1.1 Radius relative difference
Henceforth, in the present work we compare just the
results of the purely Newtonian case (i.e., without spe-
cial relativistic corrections) with the general relativistic
outcomes for the equilibrium configurations of WD. For
this purpose, we firstly define the quantity
∆R =
RNewton −RGR
RGR
, (14)
being RNewton and RGR the radii given, respectively, by
the Newtonian and general relativistic cases. Therefore,
∆R means the relative difference between the values of
radii for fixed total masses.
In Fig.(7) we plot the quantity ∆R for some values
of fixed total mass between 1.3− 1.415M. We can see
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Fig. 3 From top to bottom: a) mass profiles, b) energy den-
sity profiles and c) gradient of pressure profiles. All profiles
correspond to a fixed total star mass of M = 1.415M.
that this quantity increases very fast when approaching
1.41M. In fact, when the mass is about 1.41M we can
see that the relative difference in radius is nearly 50%. It
is worth to mention that the relative difference in radius
is about 37% for a mass of exactly 1.41M, i.e., the
measured mass of the white dwarf EUV E J 1659+440
[4].
5.1.2 Surface Gravity
It is worth to study the general relativistic effects on the
surface gravity of the stars since this quantity can be
observationally found. We calculate the surface gravity
0 500 1000 1500
radial coordinate [km]
6
4
2
0
g
[×
10
8 m
/s2
]
Newtonian
SR
GR
Fig. 4 General relativistic and Newtonian gravitational
fields as a function of radial coordinate for a fixed total star
mass of 1.415M.
0 500 1000 1500
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14
m
2 /s
2 ]
Newtonian
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GR
Fig. 5 General relativistic and Newtonian gravitational po-
tentials as a function of radial coordinate for a fixed total star
mass of 1.415M.
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GR without any correction terms
GR with no curvature term
GR
Fig. 6 General relativistic gravitational fields as a function
of radial coordinate for a total mass of 1.415M, calculated
with and without correction terms.
g in a Newtonian framework as
gNewton = −GM
R2
. (15)
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Fig. 7 Radius relative difference ∆R versus fixed total star
mass.
To calculate the general relativistic surface gravity we
use the expression given by [41,50]
g = −
(
GM
R2
)
1
1− 2GMc2R
, (16)
in which is merely Eq.(13) for the case of zero pressure.
Using the values of Tab.(2) we calculate the New-
tonian surface gravity and general relativistic surface
gravity. In Fig.(8) is plotted the surface gravity against
1.30 1.32 1.34 1.36 1.38 1.40 1.42
M/M
7.2
7.4
7.6
7.8
8.0
8.2
g
[lo
g
(m
/s2
)]
EUVE J 1659 + 440
Newtonian
GR
Fig. 8 Surface gravity versus fixed total star mass. The dot-
ted red line is the measurement of mass of the most massive
white dwarf (EUV E J 1659+440) found in literature [4] and
the shaded orange region is its estimated error.
fixed total masses together with the observational data
of the white dwarf EUV E J 1659+440. It is easy to see
that using Newtonian results we are sub-estimating the
surface gravity of the stars in comparison with general
relativistic outcomes.
5.1.3 Surface gravity relative difference
Since the values for general relativistic surface gravity
are much higher than Newtonian ones we define the
quantity
∆g =
gNewton − gGR
gGR
. (17)
1.30 1.32 1.34 1.36 1.38 1.40 1.42
M/M
0.6
0.5
0.4
0.3
0.2
0.1
0.0
g
Fig. 9 Relative difference between Newtonian surface grav-
ity and general relativistic surface gravity against fixed total
star mass.
The relative difference ∆g is shown in Fig.(9). It
is interesting to note that in Fig.(9), for a mass of
1.415M, we have about 55% of relative difference for
the values of surface gravity.
6 Fit of the general relativistic mass-radius
relation
Keeping in mind the importance of GR for WD, we fit
the general relativistic mass-radius relation in order to
obtain an analytic expression that better estimate the
WD radius, rather than the non-relativistic Newtonian
expression
M
M
= 2.08× 10−6
(
R
R
)−3
, (18)
where R is the radius of the Sun.
The expression we use to fit the general relativistic
curve in Fig.(1) is given by
M
M
=
R
a+ bR+ cR2 + dR3 + kR4
, (19)
where k is the inverse of the constant in the non-relativistic
Newtonian mass-radius relation k = (2.08×10−6R3)−1.
The constants a, b, c and d are parameters that
depend on the interior fluid EoS of the star, such that,
using the EoS described by Eq.(3) and µe = 2 (Fig.(10))
we find
a = 20.86 km
b = 0.66
c = 2.48× 10−5 km−1
d = 2.43× 10−9 km−2. (20)
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Fig. 10 Fit of the general relativistic mass-radius diagram
with Eq.(19) (red dashed line) and the non-relativistic limit
(dotted orange line).
We employed Eq.(19) to depict analytically other
mass-radius relations derived from a few EoS models,
such as, the Salpeter EoS (for He, C and O stars) and
µe = 2.154. The values of fitted parameters are given
in Tab.(4).
7 Concluding Remarks
In this paper we showed that General Relativity is very
important to estimate correctly the radius of a massive
WD (M > 1.3M) and, consequently, to calculate the
surface gravity. We also showed that the minimum radii
are very different within either Newtonian or general
relativistic cases (about 200% at most).
We demonstrate that for fixed values of total mass
there is a large deviation from Newtonian WD radius
to general relativistic WD radius, for example, for a
mass close to the value M = 1.42M the Newtonian
radius is about 50% larger than the general relativistic
one. For the most massive WD found in literature M =
1.41 ± 0.04 [4] the Newtonian value of radius is now
37% larger than the general relativistic one (or at least
6% for a mass of 1.37M). Due to those deviations in
radius the surface gravity is expected to be 55% smaller
in Newtonian case in comparison with the result from
GR for a fixed total mass of about M = 1.42M.
Briefly, the GR effects produces a different corre-
lation between surface gravity and radius, what may
induce changes in the values of observational parame-
ters. In particular, if we measured the surface gravity
for a massive WD that we know the mass, the correct
radius obtained by GR is going to be smaller than the
one we would obtain if we do not take into account
general relativity, because of the different mass-radius
relation of the two cases.
The WD structure in a general relativistic, finite
temperature case was studied in [51], in which was showed
that the finite temperature effects are more significant
the less massive the star is. The deviations arising from
thermal effects are negligible for stars withM < 1.2M.
On the other hand the main effects of GR appears for
stars with M > 1.3M, what turns both effects crucial
for the determination of the WD mass-radius relation
from observations.
We also found a novel analytic mass-radius relation
by fitting the general relativistic mass-radius relation-
ship obtained numerically. We suggest that it can be
useful to calculate other properties of the stars like
magnetic dipole field, moment of inertia, gravitational
red-shift and so on.
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